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Abstract. In this note the notions of trace compatible operators and infin- 
itesimal spectral flow are introduced. We define the spectral shift function 
as the integral of infinitesimal spectral flow. It is proved that the spectral 
shift function thus defined is absolutely continuous and Krein's formula is es- 
tablished. Some examples of trace compatible affine spaces of operators are 
given. 



1. Introduction 

Let Hq be a self-adjoint operator, and let y be a trace class operator on a 
Hilbert space Ti.. Then M. G. Krein's famous result [T^ says that there is a unique 

-function ^_ff„+y,H(, (A), known as the Krein spectral shift function, such that for 
any C^(M) function / 

/oo 
-oo 

The notion of the spectral shift function was discovered by the physicist I. M. Lifshits 
|15j . An excellent survey on the spectral shift function can be found in [6]. 

In 1975, Birnian and Solomyak [7J proved the following remarkable formula for 
the spectral shift function 

(2) ^(^) = i/T^(^<-A])'^^' 

where Hr = Hq + rV, r e M, and E^Zoa \\ ^^'^ spectral projection. Birman- 
Solomyak's proof relies on double operator integrals. An elementary derivation of 
(12) was obtained in [10 (without using double operator integrals). 

Actually, this spectral averaging formula was discovered for the first time by 
Javrjan [12] in 1971, in case of a Sturm-Liouville operator on a half-line, perturba- 
tion being a perturbation of the boundary condition, so that in this case V was 
one-dimensional. An important contribution to spectral averaging was made by 
A. B. Alexandrov [1]. In 1998, B.Simon [HI Theorem 1] gave a simple short proof 
of the Birman-Solomyak formula. He also noticed, that this formula holds for the 
wide class of Schrodingcr operators on R" [HI Theorems 3,4]. The connection of 
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this formula with the integral formula for spectral flow from non-commutative ge- 
ometry is outlined in [3j . An interesting approach to spectral averaging via Herglotz 
functions can be found in [llj. 

In this note we present an alternative viewpoint to the spectral shift function, 
and generalize the result of Simon so that it becomes applicable to a class of Dirac 
operators as well. 

The new point of view, which the Birman-Solomyak formula suggests, is that 
there is a more fundamental notion than that of the spectral shift function. We 
call this notion the speed of spectral flow or infinitesimal spectral flow of a self- 
adjoint operator H under perturbation by a bounded self-adjoint operator V. It 
was introduced in [3] in the case of operators with compact resolvent. It is defined 
by formula 

(3) ^H{V)i^) = TiiV^iH)), ^eC^m, 

whenever this definition makes sense. This naturally leads to the notion of trace 
compatibility of two operators. We say that operators H and H + V are trace 
compatible, if for all ip £ C^(M) the operator V(p{H) is trace class. The spectral 
shift function between two trace compatible operators is then considered as the 
integral of infinitesimal spectral flow. It turns out that the spectral shift function 
does not depend on the path connecting the initial and final operators, a fact 
which follows from the aforementioned result of B. Simon in the case of trace class 
perturbations. 

The results of this note are summarized in Theorem 12.91 This theorem extends 
formulae ([T]) and ([2]) to the setting of trace compatible pairs {H, H -\-V) and also 
strengthens [THl Theorems 3,4] in the sense that it does not require H to be a 
positive operator and maximally weakens conditions on the path H+rV, re [0, 1]. 
Our results also hold for a more general setting, when H = H* is affiliated with a 
semiflnite von Neumann algebra J\f and V ~ V* E J\f. 

Our investigation here also strengthens the link between the theory of the Krein 
spectral shift function and that of spectral flow firstly discovered in [2] . For exposi- 
tion of the latter theory we refer to [5j and a detailed discussion of the connection 
between the two theories in the situation where the resolvent of _ff is t -compact 
(here, r is an arbitrary faithful normal semifinite trace on A/") is contained in 3J. 
It should be pointed out here that the idea of viewing the spectral shift function 
as the integral of infinitesimal spectral fiow is akin to I. M. Singer's ICM-1974 pro- 
posal to define the rj invariant (and hence spectral fiow) as the integral of a one 
form. Very general formulae of that type have been produced in the framework 
of noncommutative geometry (see |:5, and references therein). We believe that our 
present approach will have applications to noncommutative geometry, in particular, 
it may be useful in avoiding "summability constraints" on H customarily used in 
that theory. 

In semifinite von Neumann algebras J\f Krein's formula ([T]) was proved for the 
first time in [9] in case of a bounded self-adjoint operator H £ M and a trace class 
perturbation V = V* G {Af, t) and in [4^ for self-adjoint operators H affiliated 
with Af. 
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An additional reason to call ^h{V) the speed of spectral flow is the follow- 
ing observation. Let H be the operator of multiplication by A on L'^{M.,dp{X)) 
with some measure p and let the perturbation V be an integral operator with a 
sufficiently regular (for example ) kernel fc(A',A). Then for any test function 

^h{V){^) = Ty{V^{H)) = [ fc(A, A)^(A) dp{\). 

J Uh 

Hence, the infinitesimal spectral flow of H under perturbation by V is the measure 
on the spectrum of H with density k{\,X) dp{X). We note that this agrees with 
the classical formula [TK (38.6)] 

- V 

from formal perturbation theory. Here En^ is the n -th eigenvalue of the unper- 
turbed operator Hq, En , j = 1,2, . . . is the j -th correction term for the n-th 
eigenvalue En of the perturbed operator H = Hq + V in the formal perturbation 
series En - eI!^'> + Ei^'> + eP + . . . , and Kn„ = is the matrix 

element of the perturbation operator V with respect to the eigenfunctions ipm"^ 
and ipn^ of the unperturbed operator Hq [M] . 

Acknowledgement. We thank Alan Carey for useful comments and criticism. 



2. Results 



Let A/" be a von Neumann algebra on a Hilbert space H with faithful normal 
semifinite trace r. Let A = Hq + Aq be an afhne space of self-adjoint operators 
affiliated with Af, where Hq is a self-adjoint operator affiliated with Af and 
is a vector subspace of the real Banach space of all self-adjoint operators from Af. 
We say that A is trace compatible, if for all (p S C^(R), V £ Aq and H & A 

(4) Vv{H)eC'{U,r), 

where C^{N,t) is the ideal of trace class operators from TV, and if Aq is endowed 
with a locally convex topology which coincides with or is stronger than the uniform 
topology, such that the map (Vi, V2) € A^^ Viip[Hq ~\- V2) is continuous for 
all Hq G a and £ C^(R). In particular, ^ is a locally convex affine space. 
The ideal property of C^[N,t) and HI Theorem VHL20(a)] imply that, in the 
definition of trace compatibility, the condition tp g C^(R) may be replaced by 
Lp £ Cc(M). It follows from the definition of the topology on ^0 that H £ Ai-^ e'*^ 
is norm continuous. 

If A = Hq + Aq is a trace compatible affine space then we define a (generalized) 
one-form (on A ) of infinitesimal spectral flow or speed of spectral flow by the 
formula 

(5) ^h{V) = T{V6iH)), H£A, V£Aq, 

where 5 is Dirac's delta function. The last formula is to be understood in a 
generahzed function sense, i.e. ^h{V){(p) = T{Vip{H)), ip £ C^(M). $ is a 
generahzed function, since if (/3„ — > in C^(R) such that supp((/3„) C A then 
\T{Vipn{H))\^\\VE^\\jiPniH)\\^0. Here \\A\\, = Ti\A\). 
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Since ip can be taken from Cc(M), for each V ^ Ao the infinitesimal spectral 
flow ^h{V) is actually a measure on the spectrum of H. 

By a smooth path {-ffr},.gR in A, we mean a differentiable path, such that its 
derivative € Aq is continuous. 

Let n = {(so, si) e : sosi > 0, |si| ^ |so|} , and let 

1 

dvf{sQ, si) = sgn(so)^=/(so) dso rfsi. 
v 27r 

If / € C^(M) then (H, is a finite measure space [7. For any ffoi -ffi S any 
X e ^0 and any non-negative / S C^(R) set by definition 

(6) Tj^ij'^°(X) = y" {e''-'"'-''^"'y^{Hi)Xe"''"'> 

+ e.(.o-.Offix/7(i/o)e^^^^°)di^V7(^0'^i)' 
where the integral is taken in the so* -topology. For justification of this notation 
and details see [3]. 

Lemma 2.1. // {i?,.} C .4 is a pa^/i, continuous (smooth) in the topology of Aq, 
and if f e C2(M) then 

r ^ f{Hr) - f{Ho) 
takes values in C^{M,t) and it is C^{M,t) continuous (smooth). 

Proof. We can assume that / is non- negative and that ^/f E C^(R). It is proved 
in [3] that 

(7) fiHr) - f{Ho) = Tj{;i""{Hr - Ho). 

Since e*(^°-^i)^y7(a;), e"'^''^/f{x) e C^iM.), trace compatibility implies that the 
integrand of the right hand side of ^ takes values in and is -continuous 
(smooth), so the dominated convergence theorem completes the proof. □ 

If F = {-ffr}rg[o 1] is a smooth path in A, then we define the spectral shift 
function ^ along this path as the integral of infinitesimal spectral flow: ^ = Jr^^ 
or 

(8) = I' r ^{Hr)^ dr, ^ e C^{R). 

Now we prove that the spectral shift function is well-defined in the sense that it 
does not depend on the path of integration. 

A one- form aniV) on an affine space A is called exact if there exists a zero- 
form 9h on A such that dO = a, i.e. 



aHiV) = -^0H+rV 



r=0 



We say that the generalized one-form <& is exact if <&(</?) is an exact form for any 

(peCr(M). 
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The proof of the following proposition follows the lines of the proof of [3j Propo- 
sition 3.5]. 

Proposition 2.2. The infinitesimal spectral flow <f> is exact. 

Proof. Let V e A, Hr = Hq + rV, re [0, 1], and let / G C^{R). By © 

(9) fiHr)-f{Ho)^T'^;;f'>{rV) 

Jn 
Jn 

+ [ {{e'^''>-''^"^- y/]{Hr) - e'^''°-'^^""yJJ{Ho))rV 
Jn 

^■.Tj°l"''{rV) + Ri+R2. 

All three summands here are trace class by the trace compatibility assumption. So, 

for any 5 G TV 

r{S{f{Hr) - f{Ho))) = rr (5T^°'^° (F)) + r(^i?i) + r(5i?2). 

Now, Duhamel's formula and ([7]) show that t{SRi) = o(r) and r(S'i?2) = o(r). 
Hence, 

(10) ^^(SifiHr) - f{Ho))) - r [sTf,'f^{V)) . 
This implies that for any S e M 

riSifiH,) - /(Ho))) - r (^^' ^tJ^^,'^'- (y) dr^ . 

Now let iJo G be a fixed operator and for any / G (M) let 

(^H f' r{Vf{Hr))dr, 
Jo 

where Hr ^ Ha + rV, H = Hi. We are going to show that de{j{X) = $h(X)(/) 
for any X & Aq. 

Following the proof of ^3^, Proposition 3.5] we have 
{A) := de{j{X) = lim j T{Xf{Hr + srX)) dr 

+ lim - / T(v{f{Hr + srX) - /(i?.))) dr. 

By definition of topology the integrand of the first summand is continuous with 
respect to r and s. So, the first summand is equal to 

/ T{Xf{Hr))dr. 
Jo 
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By [21 Theorem 5.3] the second summand is equal to 

r(l'T»;;"'(rX)) *= /"T(xT*;"'(V))rJr. 



where the second equahty follows from the definition of -topology and the last 
equality follows from [31 Lemma 3.2]. Now, using pH)) and integrating by parts we 
get 

(11) (A) = r - X/(i/o)) + {T{X!{Br)) - T{X[f{Hr) - f{Ho)])) dr 

^T{Xf{H,)). 

□ 

The argument before 8 , Proposition 1.5] now implies 
Corollary 2.3. The spectral shift Junction given by 0) is well- defined. 
Proposition 2.4. // r e M i-^ i/^ G -4 is smooth then the equality 

(12) T (^^i^^{Hr)^ = r [HJ'iHrMHr)) 
holds for any f & (R) and any bounded measurable function ip. 

Proof. Without loss of generality, we can assume that / ^ and G C^(M). We 
prove the above equality at r = 0. The formula ([7]) and the dominated convergence 
theorem imply that 



+ e»(^«--)^-^^i!^V^(ifo)e-^^«]d^^(.o,5i) 
where the limit is taken in C^{Af, t). By the Aq -smoothness of {Hr} , we have 



+ e^^^°-^^'>"°Hrl^o^^f{Ho)e'''"°] dv^{sp, s,)) , 
so that by [5] Lemmas 3.7, 3.10] and letting A = ij,. 

T (^^^L^/(^o)) - 2^T(^(i/o)e^^°^«y7(i?o)A) dv^{sp,s,) 

(rOO 
A^{Ho)^f{H,) / e*«"^«-=,so.F(v/7)(so)dso) =r(A^(iJo)/'(i?o)). 

□ 
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Proposition 2.5. The spectral shift function given by satisfies Krein's formula, 
i.e. for any f e C^, Ho, Hi e A 

T{f{Hi)-f{Ho))=m- 
Proof. Taking the integral of (fT2l) with ip — 1 we have 



lo \ dr / JO - 

The right hand side is (,{f') by definition. It follows from Lemma [27T] that one can 
interchange the trace and the derivative in the left hand side. □ 

Corollary 2.6. In case of trace class perturbations, the spectral shift function ^ 
defined by ^ coincides with classical definition, given by [H Theorem 3.1]. 

Proof. This follows from Theorem 6.3 and Corollary 6.4 of [2]. □ 

For trace class perturbations the absolute continuity of the spectral shift function 
is established in [T3] (see also [TTi). For the general semifinite case we refer to 

Lemma 2.7. Let A be a trace compatible affine space and let f £ C^(M). Let 
Hq,Hi e A, let ^ and S,f be the spectral shift distributions of the pairs {Ha, Hi) 
and f{Ho),f(Hi) respectively. Then for any (/7eC^(M) 

(13) = e(¥'° /•/')■ 

Proof By Proposition for any f,ipe C^°°(M) 

r (^^^(/(^-))) = ^ {Hrf'{HrMf{Hr))) = T O /)'(ff,)) , 

where F' = ip. Hence, for any smooth path F = {^^r }re[o i] ^ 

(14) r l^^l^p{f{Hr))^ "^^ = 1'^ {^^^^ ° ^^'^^'■0 

which is (Uni). □ 



Proposition 2.8. Let A = Hq + be a trace compatible affine space and let 
Ao be such that for any V G Aq there exist positive Vi,V2 G A such that V = 
V1 — V2. Then the spectral shift function ^ of any pair H, H + V & A is absolutely 
continuous. 

Proof. Since the map {Vi,V2) t {ViLp{H + V2)) is £^ (A/", t) -continuous (by 
definition), it follows that the infinitesimal spectral flow is a uniformly locally finite 
measure with respect to the path parameter. Hence, the spectral shift function is 
also a locally finite measure being the integral of locally finite measures, which are 
uniformly bounded on every segment. 

If, for Hq, Hi, H2 G A, the spectral shift functions from Hq to Hi and from Hi 
to H2 are absolutely continuous, then evidently the spectral shift function from Hq 
to H2 is also absolutely continuous. Hence, if V = Vi — V2 with ^ Vi,V2 & Ao, 
then representing the spectral shift function from H to H + V as the sum of 
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spectral shift function from H to H + Vi and from H + Vi to H + V, we see 
that we can assume that the perturbation V is positive. 

By Lemma [2.11 and 4, Theorem 3.1] the spectral shift function ^/ of the pair 
{f{H), f{H + V)) is absolutely continuous. Let us suppose that the spectral shift 
function ^ of the pair {H, H + V) has non- absolutely continuous part fi. 

Without loss of generality, we can assume that there exists a set of Lebesgue 
measure zero E C (e, 1 — e) such that > 0. For any a, 5 S R with 6 — a > 2 

let us consider a "cap" -function fa^b, i-S- / is a smooth function which is zero on 
(— oo,a) and (6,oo), it is 1 on (a-|-l,6— 1) and its derivatives on (a + e,a+l — e) 
and (6 — 1 + e, 6 — e) is 1 and —1 respectively. 

Let U be an open set of Lebesgue measure < S such that E C U and let ip 
be a smoothed indicator of U. Then p3|) . applied to functions and fo,b and to 
functions (p and fa.b (with big enough b) implies that — ^,(a + E), i.e. ^ 

is translation invariant. Since it is also locally finite it is some multiple of Lebesgue 
measure. This yields a contradiction. □ 

We summarize the results in the following theorem. 

Theorem 2.9. Let A he a trace compatible ajfine space of operators in a semifinite 
von Neumann algebra Af with a normal semifinite faithful trace r. Let LI and H+ 
V be two operators from A. Let the spectral shift (generalized) function ^h,h+v 
be defined as the integral of infinitesimal spectral flow by the formula 

Jr Jo 

where F — {^^r}j.e[o i] '■^ '^^J/ piecewise smooth path in A connecting H and 
L[ + V. Then the spectral shift function is well-defined in the sense that the integral 
does not depend on the choice of the piecewise smooth path F connecting H and 
H + V, and it satisfies Krein's formula 

T{f{H + V)- f{H))^i{f'), feC^. 

Moreover, if for any V G Ao there exist Vi,V2 G Aq such that V — Vi~V2, then 
£.H,H+v "is an absolutely continuous measure. 

Two extreme examples of trace compatible affine spaces are LIq + CI^{J^,t), 
Ho = LI^riN, with the topology induced by C'^{N,t) [2 [4], and Dq + TV^a, 
where {Dq — i)^^ is t -compact, with the topology induced by operator norm 
[5]. In particular, the space — A + C(M), where {M,g) is a compact Riemannian 
manifold, and A is the Laplacian, is trace compatible. 

As an example of an intermediate trace compatible affine space one can consider 
Schrodinger operators —A -|- Cc(K") with the inductive topology of uniform con- 
vergence. It is proved in [19l Section B9] that for this example the condition (|4|) 
holds. It also follows from [HI Section B9] that \\gf{H)\\-^ < C'||5||2, where C 
depends only on /, on the support of g and on where is the negative 

part of V, H = — A + F. So, the condition on the topology of is fulfilled by ([7]). 
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Another example is given by Dirac operators of the form D + Ao , where D = 

n 

ttj ai, . . . , a„ are m x m -matrices such that ajUk + akCtj — ~2Sjk, and 

Ao = {a^a* £ Cc(M",M„(M)): 3ip = ip* & C\W^) iDtp = a} 

with the inductive topology of uniform convergence. A proof that the space D+Aq 
is trace compatible can be reduced to ^17i Theorem 4.5] via the gauge transforma- 
tion i/j i~+ e~^'^^^'>ip. We have 

where u is an m -column of -functions. So, if iDip = a then 

e^P^^Xo + a){e~''f^''\) = Du. 

Hence, (D + a)^ = e~''^(^)£|2e^'^(^). This shows that gf{{D + af), 5,ae A, /e 
C;?°(R), is trace class iff g/(e-*¥'(^)£)2e*'^(^)) = e-*'^("^)5e*'^(^)/(e""^^"=^-D^e''^^'^^) is 
trace class. But the last operator is unitarily equivalent to gf{D'^), which is trace 
class by [17l Theorem 4.5]. So, if / ^ then by the same theorem 

(15) ll5/(^ + fl)lli 11.911^11/11^, 

where C depends on supports of g and /. Hence, for g,gi,a,ai G Aq, we have 
\\gf{D -fa) - gif{D + a^)\\^ ^\\{g~ gi)f{D + a)\\^ + \\gi{f{D + a) - f{D + a,% 
So, the condition on the topology of Ao is fulfilled by ^ and (|15p. 

In case n ^ m ^ 1, we have D + Aq ~ + Cc(M). 
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